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Abstract. Let M be a symplectic manifold equipped with a Hamiltonian circle action and 
let L be an invariant Lagrangian submanifold of M. We study the problem of counting holo- 
morphic disc sections of the trivial M-bundle over a disc with boundary in L through de- 
generation. We obtain a conjectural relationship between the potential function of L and the 
Seidel element associated to the circle action. When applied to a Lagrangian torus fibre of 
a semi-positive toric manifold, this degeneration argument reproduces a conjecture (now a 
theorem) of Chan-Lau-Leung-Tseng J7] [8) relating certain correction terms appearing in the 
Seidel elements with the potential function. 

1. Introduction 

Let M be a symplectic manifold with a Hamiltonian circle action. Seidel ll25l constructed 
an invertible element of the quantum cohomology of M by counting pseudo-holomorphic 
sections of the associated M-bundle E over S 2 : 

E = {Mx S^/S 1 

where S 1 acts by the diagonal action and S 3 — > S 2 is the Hopf fibration. Seidel elements have 
been used to detect essential loops in the group Ham(M, to) of Hamiltonian diffeomorphisms. 
McDuff-Tolman ll24ll used them to verify Batyrev's presentation of quantum cohomology 
rings for toric varieties. 

In the previous paper lfT9l . we computed Seidel elements of semi-positive toric manifolds 
and found that they are closely related to Givental's mirror transformation [17). Chan-Lau- 
Leung-Tseng [|7) conjectured that certain correction terms appearing in our computation of 
Seidel elements determine the potential function of a Lagrantian torus fibre. The potential 
function here is given by counting holomorphic discs with boundary in a Lagrangian torus fi- 
bre and is thought of as a mirror of the toric variety. The conjecture was proved by themselves 
(8) in a recent preprint. In this paper, we propose an alternative approach which relates Sei- 
del elements and potential functions via degeneration. Our method should apply to a general 
symplectic manifold M with a Hamiltonian £ -"--action and an invariant Lagrangian. 

We assume that M is a smooth projective variety, equipped with a C x -action and an S 1 - 
invariant Kahler form to. Let L be an ^-invariant Lagrangian submanifold of M. Let Ai i 
denote the moduli space of genus-zero bordered stable holomorphic maps from (E, <9E) to 
(M,L) with one boundary marking and representing (3 £ H 2 (M,L). By the fundamental 
work of Fukaya-Oh-Ohta-Ono lfT2l[T5) . Aii((3) is compact and carries a Kuranishi structure 
with boundary and corner. Let (3 be a class of Maslov index two. Under certain assumptions 



Date: January 24, 2013. 



1 



2 



EDUARDO GONZALEZ AND HIROSHI IRITANI 



(see ^2.11 ), the virtual fundamental chain of Aii((3) is a cycle of dimension dim K L and one 
can define the open Gromov-Witten invariant np G Q by 

where ev: Ai\([3) — > L is the evaluation map. The potential function W is 

w = Yl 

The idea of degeneration is that instead of counting discs in (M, L), we consider the problem 
of counting disc sections of the trivial bundle M x © — > D with boundary in L x S 1 . Then 
we degenerate the target MxDto the union E Um (M x D). From this geometry we expect 
the following degeneration formula (see $33] for details): 

(1) p.ev.tMiOS)]^ ^*[M s (a)x M M[%a)Y h 

if the both-hand sides carry virtual fundamental cycles, instead of chains. Here (3 G H 2 (M x 
D, L x S* 1 ) denotes a disc section class corresponding to /3 G H 2 (M, L) and .Mi(/3) is the 
corresponding moduli space of disc sections. The summation in the right-hand side is taken 
over all possible decompositions a + a of the class (3 into a section class a of E and another 
disc section class a under the degeneration. Also Ais(cr) is a moduli space of holomorphic 
sections of E in the class a, which is relevant to the Seidel element. This formula relates disc 
counts of different boundary types; the boundary classes da and d(3 from the both-hand sides 
differ exactly by the S* 1 - action. 

The degeneration formula predicts a relationship between the Seidel element of the S 1 - 
action and the potential function W. We need the following conditions in order to extract 
meaningful information from the formula ©: 

(i) Mi(P) is empty for all (3 E H 2 (M, L) with fi(/3) < 0. 

(ii) The maximal fixed component F max C M of the C x -action (see 512.21 ) is of complex 
codimension one and the C x -weight on the normal bundle is —1. 

(iii) Ci(M) is semi-positive. 

(iv) ev(M s (a)) is disjoint from L for all a G H S 2 CC (E) such that (cf Tt (E), a) = -1. 

Theorem 1.1 (Corollary 13.211 ). Assume that M is simply-connected and L is connected. As- 
sume that the degeneration formula CQ) holds (see Conjecture \3. 1 7[ for a precise formulation) 
and that the above conditions (i)-(iv) are satisfied. Then 

z <*o = (S^ 2 \dW} + S i0) 

holds in a certain "open " Novikov ring A op ( see §2.71) . where 

• a G H 2 (M, L) is the maximal disc class defined by rotating a path connecting L and 
F max by the S 1 -action (see $3.2\) ; 

• dW = Xw/9)=2 P ® n /3 z ^ iS tne logarithmic derivative ofW; 

• S = S^+S^ is the Seidel element associated to the S 1 -action and G H' l (M)®K 
(A is the "closed" Novikov ring in Remark ing : 

• G H 2 (M, L) ® A is a lift ofS® (see Definitional^. 
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In particular, 

KS(5) = [z a °] 

holds in a certain Jacobi algebra of W, where KS denotes the Kodaira-Spencer mapping 
( see the end of §3.3.31) . 

In the second half of the paper, we apply these to a semi-positive toric manifold X and 
calculate the potential function of a Lagrangian torus fibre L C X. In toric case, the potential 
function can be regarded as a function on the moduli space S0T op ci of Lagrangian torus fibres L 
together with complexfied Kahler classes —cu + iB and lifts h G H 2 (X, L\ U (1)) of exp(i£>) 
(see §4.2.11 h defines a U(l) -local system on L when B = 0). The potential function is of 
the form: 

W = wi H \-w m 

with w.i = fi(q)zi, where fi(q) G A is the correction term defined by 

fi(q) = Yl n Pr+dq d - 

deH 2 {X;Z):(c 1 {X),d)=0 

Each term Wi corresponds to a prime toric divisor Di C X and arises from disc counting of 
fixed boundary type hi G Hi(L). Applying the degeneration formula, we get: 

Theorem 1.2 (Theorem 14.131 ). Assume that the degeneration formula (OQ) ( Conjecture 13. 1 71) 
holds for (X, L) equipped with the C x -action pj rotating around the prime toric divisor Dj 
(see JO]). Let Sj G H 2 (X) <g> A be the Seidel element pj and let Sj G H 2 (X, L) ® A be its 
lift. Then we have 

(Sj,dw k ) = 5 jk Zj. 

In particular we have KS(Sj) = [zj]. 

We observe in Theorem 14 . 1 4 1 that the degeneration formula reproduces the following con- 
jecture (now a theorem) of Chan-Lau-Leung-Tseng [|7]|8). 

Theorem 1.3 ([0 Conjecture 4.12], [[81 Theorem 1.1]). Let go\y), j = l,...,mbe explicit 
hyper geometric functions in variables yi, . . . ,y r (r = dim H 2 (X) ) given in equation (1371) . 
Then we have 

fj(q) = exp (go\y)^ 

under an explicit change of variables (mirror transformation) of the form logg^ = log + 
9i(y), z = 1, . . . ,r with g^y) G Q{y u ...,y r ] and #(0) = 0. 

In [[T9ll , we introduced Batyrev elements Dj as mirror analogues of the divisor classes Dj. 
They satisfy the relations of Batyrev's quantum ring [4] for toric varieties. The hypergeomet- 
ric functions g$\y) originally appeared in our computation [fT9l as the difference between 
the Seidel and the Batyrev elements: 

D j = exp (gl?\y))Sj. 

Hence by Theorem 1 1.2[ Sj and Dj correspond respectively to [zj] and [wj] under the Kodaira- 
Spencer mapping (see also [|8] Theorem 1.5]). 



4 



EDUARDO GONZALEZ AND HIROSHI IRITANI 



Finally we discuss briefly the method of Chan-Lau-Leung-Tseng §8§. Their approach is 
different from ours but is closely related to it. They observed that a holomorphic disc in 
(X, L) whose boundary class is bj E H\{L) can be completed to a holomorphic sphere in 
the M -bundle E'- associated to the inverse C x -action pj 1 . Using this, they identified open 
Gromov-Witten invariants of (X, L) with certain closed invariants of E',. The associated 
bundle E' of the inverse action also appears in our story as the central fibre E Um E' of the 
degeneration of the closed manifold M x P 1 (instead of M x D) in §3.11 

Acknowledgments. We are grateful to Kwokwai Chan, Siu-Cheong Lau, Naichung Co- 
nan Leung and Hsian-Hua Tseng for their beautiful conjecture Q, stimulating discussions 
and their interests in our work. We thank Kenji Fukaya and Kaoru Ono for many helpful 
comments. E.G. wants to thank the mathematics department at Kyoto University for their 
hospitality while working on this project. E.G. is supported by NSF grant DMS-1 104670 and 
H.I. is supported by Grant-in-Aid for Young Scientists (B) 22740042. 

2. PRELIMINARIES 

In this section, we review a potential function of a Lagrangian submanifold and a Seidel 
element associated to a Hamiltonian circle action. 

2.1. Potential function of a Lagrangian submanifold. The potential of a Lagrangian sub- 
manifold arises as the 0-th operation mo of the corresponding Aoo-algebra in Lagrangian 
Floer theory of Fukaya-Oh-Ohta-Ono lfl2l . In this paper, we do not use the full generality 
of Aoo-formalism developed in Ifl2l : instead we consider potential functions under certain 
restrictive assumptions. 

Let (M, u) be a closed symplectic manifold and L be a Lagrangian submanifold. For 
simplicity, we restrict ourselves to the case where M is a smooth projective variety. We 
assume that L is oriented, relatively- spin and fix a relative spin structure |[T2l Definition 8.1.2] 
of L so that the moduli space of bordered stable maps to (M, L) has an oriented Kuranishi 
structure. Let \x: H 2 (M, L) — > Z denote the Maslov index. It takes values in 2Z since L is 
oriented. 

Let JAi(j3) denote the moduli space of stable holomorphic maps from a genus-zero bor- 
dered Riemann surface (E, <9£) to (M, L) with one boundary marked point and in the class 
[3 e H 2 (M, L). This was denoted by Mf ain (f3) in |0- By OH Proposition 7.1.1] (see also 
|[T5l Theorem 15.3]), Aii((3) is compact and equipped with an oriented Kuranishi structure 
(with boundary and corner) and has virtual dimension n + li(i3) — 2, where n = dim ffi L. Let 
ev : JAi(j3) — > L denote the evaluation map. Define an open version of Novikov ring A op to 
be the space of all formal power series 

E 

PeH 2 (M,L) 

with cp G Q such that 
holds for all Eel. 
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Definition 2.1. Assume that M\{P) is empty for all (3 e H 2 (M, L) with /j,(/3) < 0. Then 
A4i(/3) with = 2 has no boundary and carries a virtual fundamental cycle of dimension 
n = diHiR L |[T2l Lemma A. 1.32]. We define open Gromov-Witten invariants rip G Q by 

ev.LWxOS)]^ = n p [L] 

for /3 with //(/?) = 2, where [L] £ H n (L) is the fundamental class of L. The potential 
function of L is defined to be the formal sum: 

w = Yl 

This is an element of A op . 

We can decompose W according to boundary classes of discs. 
Definition 2.2. Under the same assumption as in Definition 12. 1[ we write 

with W y e A op given by 

W 1 := 

/3eH 2 (M,L): n(j3)=2,dp=-y 

Remark 2.3. The potential function does depend on the choice of a complex structure on 
M and this is a reason why we restricted to a smooth projective variety M. For example, 
the Hirzebruch surfaces F = P 1 x P 1 and F 2 together with their Lagrangian torus fibres are 
symplectomorphic to each other, but the potential functions are different. See Auroux [2] for 
a wall-crossing of disc counting. 

2.2. Seidel elements. Seidel element is an invertible element of quantum cohomology asso- 
ciated to a loop in the group Ham(M, ui) of Hamiltonian diffeomorphisms of a symplectic 
manifold (M, ui). In this paper we restrict to the case where M is a smooth projective variety 
equipped with an algebraic C x -action. In this case, the associated ^-action is Hamilton- 
ian and yields a loop in Ham(M, ui). We refer the reader to [E51 122] |23~1 for the original 
definitions and to 11241 [T8l for applications in symplectic topology. 
Let M be a smooth projective variety, equipped with a C x -action. 

Definition 2.4. The associated bundle of the C x -action on M is the M-bundle over P 1 

E:=Mx (C 2 \{0})/C x -►P 1 , 

where C x acts with the diagonal action A ■ (x, (z\, z 2 )) = (Ax, (Xzi, A^))- 

Remark 2.5. In symplectic geometric terms, the associated bundle is in fact a clutched bundle 
obtained by gluing two trivial M-bundles over the unit disc, along the boundary, using the 
action. More precisely, 

E = (M x D ) U 9 (M x Doo) 
where D = {z G C : \z\ < 1} and Doo = {z E C : \z\ > 1} U {oo} and the gluing map 
g : M x dB -> M x dB^ is given by 

g(x,e w ) = (e- ie -x,e* e ). 
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This construction can be generalized to a loop in the group of Hamiltonian diffeomorphims 
and yields a Hamiltonian bundle E — > P 1 in general. One can equip a symplectic form ue 
on the total space E of the Hamiltonian bundle such that u) E restricts to the symplectic form 
u M on each fibre [|25l . 

There exists a unique C x -fixed component F max C M c * such that the normal bundle of 
F max has only negative C x -weights. For a Hamiltonian function H generating the ^-action, 
F max is the locus where H takes the maximum value. Each fixed point x E M £X defines a 
section cr x of E. We denote by a the section associated to a fixed point in F max . We call it a 
maximal section. This defines a splitting!] 

(2) H 2 (E; Z) = Z[<7 ] ® H 2 (M- Z). 

Let NE(M) C H 2 (M, M) denote the Mori cone, that is the cone generated by effective curves 
and set NE(M) Z := {d e H 2 (M; Z) : d e NE(M)}. We introduce NE(E) and NE(£) Z 
similarly. 

Lemma 2.6 (flU Lemma 2.2]). NE(£) Z = Z> [a ] + NE(M) Z . 

Let Hf c (E; Z) denote the affine subspace of H 2 (E; Z) which consists of section classes, 
i.e. the classes that project to the positive generator of H 2 (F 1 ;'Z). We set NE(£')| ec : = 
NE(£) Z n Hf c (E] Z). The above lemma shows that 

(3) NE(£)ir = [t7 ] + NE(M) Z . 

For d e NE(X) Z and a e NE(£') Z , we denote by g d and g' 7 the corresponding elements in 
the group ring Q[NE(X) Z ] and Q[NE(E) Z ] respectively. We write: 

(f = QoQ d wnen a — k[vo] + d 
where go = <f° is the variable corresponding to the maximal section cr - F° r o £ NE(£')| ec , 
let .Ms(V) denote the moduli space of stable maps from genus-zero closed nodal Riemann 
surfaces to E in the class a with one marked point whose image lies in a fixed fibre M C E. 
We can write 

M s ((t) = M x {a) x E M 
using the usual moduli space .Mi (a) of genus-zero one-pointed stable maps to E in the 
class a. Since A4i(a) has a Kuranishi structure (without boundary) of virtual real dimension 
2n + 2 (ci(E),a) — 2 (with n := dimcM) and we may assume that the evaluation map 
M.i(a) — > E is weakly submersive, the fibre product Ms(cr) is equipped with the induced 
Kuranishi structure of virtual dimension: 

(4) vir. dim K A4 s (<t) = 2n + 2 (c™ rt (£), a ) . 

Here c™ rt (i?) denotes the 1st Chern class of the vertical tangent bundle T VCTt E, 

T vcvt E := Ker(dvr: TE -»■ vr^P 1 ) 

with 7r: E -> P 1 the natural projection. (Note that (d(E),a) = (c{ CTt (E) , a) + 2.) Let 
ev: Ais(cr) — > M be the evaluation map and let [_Ms(V)] vir be the virtual fundamental cycle 
of Ms(o-). 



'The section ero gives a splitting of the Serre spectral sequence. In general one has a non-canonical splitting 

H* (E;Q) = H* (M; Q) ® H* (P 1 ; Q) for any Hamiltonian bundle E ¥ 
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Definition 2.7. The Seidel element associated to the C x -action on M is the class 
(5) S:= PDK[A^(a)r)g CT 

<reNE(£)! ec 

in H*(M; Q) O Q[NE(£) z ].Jiere PD stands for the Poincare duality isomorphism. By @, 
we can factorize S as S = qoS with S in the small quantum cohomology ring 

QH(M) := H(X; Q) ® Q[NE(M) Z ] 

and g : = ( ? f7 ° as above. Then £ is an invertible element of QH(M) [q~ d : d G NE(M)z] with 
respect to the quantum product [|25l 1221 |23l . 

Remark 2.8. Using genus zero one-point Gromov-Witten invariants for E, we can write 

s = E Em^i^v 

<tGNE(_B)| cc t 

where {0j} is a basis of H*(M; Q), is the dual basis with respect to the Poincare pairing 
and l : M — > E is the inclusion of a fibre. (We followed the standard notation of Gromov- 
Witten invariants as in ifTOl .) 

Remark 2.9. For a general symplectic manifold M, we use the Novikov ring A 

A : = {E d eH 2 (M;Z) c dQ d ■ c d EQ, ${d : c d + 0, (co, d) < E} < oo for all E E K.| . 

instead of Q[NE(M)J. The Seidel elements associated to loops in Ham(M, to) define a 
group homomorphism [|25l l22l l23l : 

7r 1 (Ham(M,w)) QH{M)l/ {q d : d e H 2 (M;Z)} 

which is called the Seidel representation, where QH(M)x = H*(M; Q) <g> A denotes the 
quantum cohomology ring over A. 

3. Degeneration Formula 

Let M be a smooth projective variety equipped with a C x -action. We take an ^-invariant 
Kahler form u on M. Let L be a Lagrangian submanifold of M which is preserved by 
S* 1 C C x , i.e. XL C L for A G S 1 . Instead of counting holomorphic discs in (M,L), we 
shall consider the problem of counting holomorphic disc sections of the bundle MxD-^D 
with boundary in L x S 1 . Then we degenerate the target M x D into the union of the 
associated bundle E and M x D. From this we expect a certain relationship between Seidel 
elements and disc counting invariants. We assume that M is a smooth projective variety with 
a C x -action for simplicity, but the degeneration formula in this section makes sense for a 
symplectic manifold with a Hamiltonian circle action (or a loop in the group of Hamiltonian 
diffeomorphisms) in general. 



8 



EDUARDO GONZALEZ AND HIROSHI IRITANI 



(6) S t = n~\t) 



3.1. Degeneration of M xD. Let D denote the unit disc {z e C : \z\ < 1}. A degeneration 
of the disc D into the union OUP 1 is given by the blowup Bl( ,o) (D x C) of D x C at the origin. 
The projection vr : Bl (0 , )(© xQ^C satisfies 7r _1 (t) = D for t ^ and 7T _1 (0) = D U P 1 . 
Explicitly: 

Bl {0 ,o)(© x C) = {(z,i, [a,P]) GBxCxP 1 : z(3 - tot = 0} . 
An M-bundle £ over B1( 0)0 )(D x C) is defined as follows. 

£ := {(x,z,t,(a 7 P)) G M x © x C x (C 2 \ {0}) : z/3 - ten = 0} /C x 

where C x acts as (x, z,t, (a, (3)) (Ax, z, i, (Aa, A/3)). We have a natural projection 
7r : £ — > C. One can see that 

MxD if t t^O; 

£U M (MxD) if t = 

where E is the associated bundle (Definition 12.41) of the C x -action on M. One can also 
construct £ as a symplectic quotient: 

£= (a,/3)) : zP-ta = 0, H(x) + |a| 2 + |/3| 2 = c} /5 1 

where -fT: M — >• K is the moment map of the S^-action and c > max^^f H (x) is a real 
number. We can equip £ with a symplectic structure. The boundary d£ t can be identified 
with M x S 1 via the map: 

(7) M x S 1 3 (x, z) ^ [x, z, t, (z, t)] G 9f t . 

Via this identification, £ t contains a Lagrangian submanifold L t := L x S 1 in the boundary 
M x S 1 = 9£t. 

We can also close £ t by attaching MxBto the boundary for each t and get a degenerating 
family £ of closed manifolds. More explicitly, we define: 

£= {(x,(z,w),t,(a,P)) e M x (C 2 \{0}) x C x (C 2 \ {0}) : taw = z(5) /C x x C x 
where C x x C x acts as 

(x, (z, w),t, (a, (3)) ^ (\i 1 \ 2 x, (\tz, \iw),t, (A 2 a, \ 2 P))- 
This is an M-bundle over 

Bl ( o,o)(P 1 x C) = {(z,w),t, (a,P) e P 1 x C x P 1 : taw = z(3} . 
With respect to the projection ix : £ — > C to the t-plane, we have 

MxP 1 if t t^O; 
EU AI E' if t = 0. 



£ t = K~\t) 



where E' is the associated bundle of the C x -action on M inverse to the original one. Note 
that £ is contained in £ as the locus {w = 1, \z\ < 1} and £ = £ UmxS 1 xC {M x D 2 x C). 
We can also equip £ with a symplectic structure by describing it as a symplectic quotient in 
a similar manner. 

A topological description is given as follows. We start from a trivial M -bundle MxP 1 
overP 1 . We cut P 1 into 3 pieces: P 1 = BqUAUB^, where D = {\z\ < 1/2}, A = {1/2 < 
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\z\ < 2} and Doo = {\z\ > 2} U {oo}. One can twist the clutching function along <9D and 
dB>oc. by the given S 1 - action on M; namely 

(8) M x P 1 = (M x D ) U 91 (M x A) U 32 (M x D M ) 

where the clutching functions g 2 are given respectively by 

g x : M x <9D 3 (x, \e ie ) i— > (e" ie x, ±e ie ) eMx^ 

g 2 : M x d^A 3 (x, 2e ld ) i — ► (e ie x, 2e* 9 ) G M x dD^ 

where we set cM = d A U c^A Collapsing M x S 1 C M x A down to M, we get the 
singular central fibre £ Um E' . In fact, for \t\ < 1, one can decompose £ t as 

£ t ={[x,(te,l),t,(z,l)] : \z\<l} 

U{[x,(z,l),t,(l,P)] : * = 0*, |/3| <1, |*| < 1} 

U {[x, (l,w),t, (l,wt)} : |tw| < 1} . 

This corresponds to the decomposition ([8]) of M x P 1 above. 

Remark 3.1. We shall consider stable holomorphic discs in (S t , L t ) which project onto the 
holomorphic disc (D 2 , S l ) C (P 1 , S l ). Such stable holomorphic discs are entirely contained 
in the half-space E t of £ t , so the choice of "closing" of £ t is not relevant. 

Remark 3.2. We can perform a similar construction for a general symplectic manifold (M, u) 
equipped with a Lagrangian submanifold L and a loop {(j)e}e&[o,2-K] in the group Ham(M, co) 
of Hamiltonian diffeomorphisms such that 4>e{L) = L for all 6. We can twist the clutching 
function of the trivial M-bundle M x P 1 as in © where gx, g 2 there are replaced with 

gx(x, \e %e ) = (<P_ e (x), |e ie ), g 2 (x, 2e w ) = (0 e (x), 2e w ). 

Then we can degenerate the annulus A into the union of two discs (in a one-parameter family) 
in the middle part M x A. In the degeneration family, we have a family of Lagrangian 
submanifolds L x S 1 lying in the boundary of M x D U fll M x A. 

3.2. Relative homology classes of degenerating discs. We write £ = |J tgC L t . The total 

space (£ , £) of the family has a deformation retraction to the central fibre (So, L ). This gives 
a retraction map for t ^ 0: 

r: # 2 (£ t ,L t ) — ► H 2 (S,C) = H 2 (S ,L ). 

Let 7r : S — > Bl(o,o) (B X C) denote the natural projection. We have the following commutative 
diagram: 

H 2 (S t ,L t ) — ^ H 2 (S ,L ) 

Under the natural identifications # 2 (B, 5 1 ; Z) = Z and H^F 1 U D, S 1 ; Z) = ^(P 1 ; Z) © 
if 2 (D, S' 1 ; Z) = Z 2 , the bottom arrow is given by n \-t (n, n). We are interested in section 
classes lying in the following groups: 

H s 2 cc (£t,L t )=K 1 a), fort ^0, and// 2 scc ^o,2o) =tt; 1 (1,1). 
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(9) 



There is an induced retraction map r : iff ec (£ t , L t ) — > iff ec (£ , -^o) f° r t ^ 0. 
Lemma 3.3. Assume that M is simply connected and L is connected. Then we have 

H s 2 cc (S t ,L t ) = H 2 (M,L) fort^O 
H* CC (£ ,L ) = Hl cc {E) x H2{M) H 2 (M,L) 

Proof. Recall that (£ t , L t ) 9* (M x D, L x S 1 ) for t ^ 0. We show the isomorphism: 

(?W2*): H 2 {M x B,L x S* 1 ) = H 2 (M, L) x ^(E),^ 1 ) 

where p 1; p 2 are natural projections. Because we have sections i l7 i 2 : (M, L) — >• (M xD,L., 
S 1 ) such that pi o % x = id, p 2 oi 2 = id, p 2 o z' a = const and p\oi 2 = const, the map (pu,p 2 *) 
is surjective. To show that it is injective, we use the commutative diagram: 

► > H 2 {B,S l ) ► H^S 1 ) 



x 







P2» 



H 2 (L x S 1 ) > H 2 (M x 



epi 



H 2 {L) 



H 2 (M) 



-> H 2 (M x B,L x 5 1 ; 



pi* 



H 2 (M,L) 



-> E X {L x S 1 ) 



Here all the horizontal sequences are exact. The injectivity of (pi*,p 2 *) follows from the 
diagram chasing and H\(L x S 1 ) = Hi(L) © H^S 1 ) (here we use the condition that L is 
connected). Then Hf c (£ t , L t ) = H 2 (M, L) for t ^ follows. 

The Mayer- Vietoris exact sequence for £ = E VJ M (M x D) gives 

H 2 {M) > H 2 (E)@H 2 (M x B,L x S 1 ) ► H 2 (£ ,L ) ► 

Here we used H\{M) = 0. The formula for H^ c {£q } L ) follows. □ 

Henceforth we assume that L is connected and M is simply-connected. 

Remark 3.4. The natural map H 2 (£ t , L t ) — > H 2 (£ tl L t ) is injective because the composition: 

H 2 (M xl,Ix S 1 ) -> H 2 (M x P 1 , L x S 1 ) (pi *' p ' 2 *\ H 2 {M, L) © H 2 (F\ S 1 ) 
is injective. 

Notation 3.5. We denote by 

(3 E H^ c (£ u L t ) H S 2 CC {M xi.Ix S 1 ) (t + 0) 
a + /3e#n£o,£o) 

the homology classes corresponding to (3 E H 2 (M,L) and to [a, jS\ E H^ C {E) Xh 2 (m) 
H 2 (M, L) respectively, under the isomorphism © in Lemma |3~3l 

Let u: D — > M be a disc such that u(e ld ) = e %e ■ u(l), namely, u is a disc contracting an 
S^-orbit in M. This defines a section a{u) of the associated bundle E — > P 1 : 

<7(i0k : ©o -> #k =M x D , z ^ (z,u(l)) 



aiu 



->■ .El 



=M x Boo, z^O^O" 1 )) 
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where D = {z E C : \z\ < 1} and Doo = {z E C : \z\ > 1} U {oo}; here we used the 
gluing construction of E in Remark [231 

Recall the maximal section class cr of E in §2.21 We introduce a similar maximal disc class 
a E H 2 (M, L) as follows. Take a path 7 : [0, 1] -> M such that 7(0) E F max and 7(1) E L, 
where F max is the maximal fixed component. We define a to be the class represented by the 
disc © 9 re l6 >->• e~ %e ■ j(r) E M. The homotopy class here is independent of the choice of a 
path 7 because M is simply-connected and L is connected. The boundary of a is an inverse 
S 1 -orbit on L. 

Proposition 3.6. The retraction map r: i?| ec (£ t , L t ) — > iJf cc (£ , -^0) (for t 7^ 0) of section 
classes is an isomorphism. It is given by ( under Notation LOl) 

r(P) = a(u) -u + f3 = a + a + f3 for f3 E H 2 (M ', L) 

where u: D — )• M is an arbitrary disc whose boundary is an S 1 -orbit in L and do, ao are the 
maximal classes. In particular we have the commutative diagram 

H* ec (£ u L t ) HI CC (S ,L ) 



Hi(L) H^L) 

— A 

where the bottom map is the subtraction of the class A = [du] of an S 1 -orbit on L. 

Proof. Consider a constant section s tr i v (z) = (i,z)ofMxD = £ t with x E L. By the 
topological description of the degeneration given in §3.11 we see that can degenerate to 
the union: 

a{u) U u: P 1 U D E U M (M x D) 
where m : D — )■ M is a disc contracting the S' 1 -orbit e t9 x on L and u : D — > M x D is given 
by z H- (it(z),2;). This shows that r([s triv ]) = a(u) — u. Since the retraction map is a 
homomorphism of H 2 (M, L) -modules, we have r(j3) = a(u) — u + in general. When u 
is a disc of the form: D 3 re ld H- e ld • 7(r) e M, where 7 : [0,1] — > M is a path such that 
7(0) E F max and 7(1) E L, a(u) is homotopic to the maximal section a and [it] = — a . 
This shows the formula r(/3) = a + &o + (3. It is easy to check that r is an isomorphism 
between section classes. □ 

Remark 3.7. The latter statement is a consequence of the difference of trivializations of d£ t 
(t 7^ 0) and 88q. Recall that we have a trivialization d£ t = M x S* 1 in © depending smoothly 
on t E C. For t 7^ 0, this trivialization is induced from the isomorphism ^ = MxDin ©; 
however for t = 0, this trivialization differs by the ^-action from the one induced by the 
isomorphism £ = E U M (M x D) in ©. 

Lemma 3.8 (Maslov index and vertical Chern number). Let u: D — > M be a disc with 
boundary an S l -orbit on L, i.e. u(e ld ) = e ld ■ u{l) and u{l) E L. Then u defines a class in 
tt 2 (M,L) and we have ^(u) = 2 (c[ crt (£), [a(u)}). 

Proof. We recall the definition of Maslov index of a disc u : (D, S* 1 ) — > (M, L). We set 7 = 
u\qd. Note that u*TM\ s i is a complexfication of the subbundle 7TL. Thus det(u*TM)\ s i 
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is a complexification of the real line bundle det^^* TL). On the other hand detR^TL)® 2 
has a canonical orientation. Take a positive (nowhere vanishing) section s of detiu(7*TL)® 2 . 
The Maslov index of u is the signed count of zeros of a transverse section s of det(u*T M)® 2 
such that s\qd = s . 

When u\qd is an S^-orbit of L, we can take s above to be S^-equivariant. A transverse 
section s of det(w*TM)® 2 with s\qb = s defines a section t E det(cr(u)*T veTt E)' s>2 by 

t\n (z) = s (l), t\ Boo (z) = 

Then the numbers of zeros of t and s coincide. The lemma follows. □ 

Proposition 13 .61 and Lemma l3T8l show the following corollary: 

Corollary 3.9. Let r : H^ c (S t , L t ) — > H^ C (£ Q , L ) be the retraction map for t ^ 0. Suppose 
that r0) = a + a with a, (3 E H 2 (M, L). Then fi{(3) = 2 (cl crt {E), a) + /i(a). 

Remark 3.10. We have fx0) = //(/?) + 2 for (3 E H 2 (M, L). 

3.2.1. Example. We give an example of degenerating holomorphic discs. Consider a family 
of (constant) holomorphic disc sections u t : (D, S 1 ) — > (S t , L t ) given by 

u t (z) = [x ,z,t, (z,t)] 

for some x E L. For a fixed non-zero z E D, we have 

<p(z) := limut(z) = [x , z, 0, (z, 0)] 

This can be completed to a holomorphic disc section ip: D — >■ M x D C S Q . Note that the 
limit 

lim ip(z) = \x\, z, 0, (1, 0)1 where x\ := lim z~ l x E M, 

exists by the completeness of M. On the other hand, we can see a bubbling off holomorphic 
sphere at z = by the usual rescaling: 

ip(z) := lim Ut{tz) = lim[t _1 xo, tz, t, (z,l)] = [xi, 0, 0, (z, 1)]. 

This defines a holomorphic section P 1 4 £ C ^ associated to the C x -fixed point 
x\ E M. Note that xp(oo) = (p(Q) and dip is an inverse 5' 1 -orbit on L. 

3.3. Degeneration formula. In what follows, we propose a conjectural degeneration for- 
mula and discuss its consequences. As before, M denotes a smooth projective variety equipped 
with a C x -action and an ^-invariant Kahler form w, L is a Lagrangian submanifold which 
is preserved by the S^-action. We assume that M is simply-connected and L is connected. 
Moreover we assume that L is oriented and relatively spin and we fix a relative spin structure 
ITT21 Definition 8.1.21. 

Take (3 E H 2 (M, L). We consider the moduli space A4i(/3) of stable holomorphic maps 
from genus zero bordered Riemann surface (S, <9£) to (£ t , L t ) = (M x P 1 , L x S* 1 ) with one 
boundary marked point and in the class (3 E Hf c {8 u L t ) (where t / 0; see Notation 13 .51 ) . 
Such stable maps project onto the disc (D, S 1 ) C (P 1 , S 1 ) on the base and so are contained 
in 8 t (see Remarks 13 . 1 1 and l3~4l) . The virtual dimension of JAi(j3) is n + 1 + /x(/3) — 2 = 
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n + 1 + /■*(/?) with n := dime M. The corresponding moduli space at t — should be 
described as the fibre product: 

U M s (a)x M MT^(a) 

r{f))=a+6c 

where Ais(cr) is the moduli space of holomorphic sections of E appearing in §2.21 and 
Ai\ c [(a) is the moduli space of stable holomorphic maps from genus zero bordered Rie- 
mann surfaces to (M x P 1 , L x S 1 ) in the class a G Hf c (M x D, L x S 1 ) with one boundary 
marked point and one interior marked point such that the image of the interior marked point 
lies in M x {0}. The superscript "rel" (which means "relative") signifies the last condition. 
The fibre product above is taken with respect to the interior evaluation maps. One can write: 

(10) M\ c \(a) = M 1A (a) x MxP i (M x {0}) 

using the moduli space Adi^a) of bordered stable maps to (M x P 1 , L x S 1 ) of class a with 
one boundary marking and one interior marking. Then a Kuranishi structure on Ai r i\(a) is 
induced from the Kuranishi structure on A4i,i(a) (as defined in lfl"2l §7.1]) via this presenta- 
tion. The virtual dimension is 

vir. dim M^a) = n + 1 + (i(a). 

We write ev« : Mf\ (a) — > M for the interior evaluation map and ev^ : M\ c \ (a) — > L x S 1 
for the boundary evaluation map. 

When the virtual fundamental chains on the moduli spaces Aii((3) and .MstV) x MMn(«) 
happen to be cycles, we expect the following degeneration formula: 

(11) V>*w*[Mi{pyr= w*lM s (a)x M M?\(a)} vh 

r($)=cr+a 

in H*(L x S 1 ). Here ev on the both-hand sides denotes the evaluation map at the boundary 
markings taking values in L t = L x S 1 and if: L x S 1 — > L x S 1 is the map (x, e l9 ) H- 
{e~ lB ■ x, e %e ) which corresponds to the difference of boundary trivializations (see Remark 
13.71) . We will study below when the both-hand sides of (fTTI) make sense as cycles; then will 
calculate them in terms of Seidel elements and open Gromov-Witten invariants. 

3.3.1. The left-hand side of (flTI) . When (3 = 0, Aii((3) consists of constant disc sections 
and ev: M.i{(3) — > L x S 1 is a homeomorphism. All constant disc sections are Fredholm 
regular. When j3 ^ 0, we have a natural map 

M 1 0)^M 1 (/3) 

induced by the projection £ t — > M, where Ai±((3) is the moduli space of one-pointed bor- 
dered stable maps to (M, L) in the class (3. By taking the graph of a disc component, we 
can see that this map is surjective. Therefore, for (3^0, Aii((3) is non-empty if and only 
if Aii((3) is non-empty. Moreover, if M.\(f3) is non-empty, Ai\((3) has boundary since a 
bordered stable map of class (3 can be constructed as a union of a constant disc section and a 
disc of class (3 (which is constant in the D-direction). Therefore, we have 
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Lemma 3.11. The virtual cycle ev*[.Mi(/3)] vir is well-defined if M\(P) = 0. We have 

* 1 U h [0 if P and MM = ®. 

3.3.2. The right-hand side of CCD- Take (a, a) G H S 2 CC (E) x H 2 (M, L) such that a + a = 
r(/3). By Corollary 13 .91 and Proposition 13 .61 we have 

(12) fi(P) = 2(cr t (E),a)+ f i(a) 

(13) d/3 = da + X 

where A G Hi(L) is the class of an S^-orbit. 

Suppose a = 0. This can happen only when d(3 = X by (fT3l) . Since a = 0, .M^d) 
consists of constant disc sections and ev( b ) : M.[ c [(a) = L x S 1 . The interior evaluation 
evW : A^i^(ot) -» M is given by the projection L x S 1 L C M. Thus 

ev,[A< s (t7) x A/ M\ c \(a)Y h = ev*[M s (a) x M (L x S 1 )}™ 

(14) 

= n [L]) x [S 1 ] 

where 

(15) S a : = PD (ev,[^ s (^)] vir ) e F~^(M). 

Here we used the virtual dimension formula © and (fT21 . 

Suppose a ^ 0. By the same argument as in §3.3. 1L A^i 6 ^^) is non-empty if and only 
if .Mi (a) is non-empty; also Ai T i\(&) has boundary if yVfi(a) is non-empty. Assume that 
Aii (a) has no boundary. This means that every stable map in Ai\(a) has only one disc 
component (but possibly with sphere bubbles). Let us study the moduli space Ai\ e i(a) and 
its boundary. Since a ^ 0, we have a map 

(16) f = (fi,f 2 ): ^Mi(a) x S 1 . 

The first factor fi is given by projecting bordered stable maps to M, forgetting the interior 
marking and collapsing unstable components; the second factor f 2 is the boundary evaluation 
ev( b ) : M\ d i (a) — > L x S 1 followed by the projection LxS 1 — > S 1 . The map f can be viewed 
as a tautological family of stable discs over Aii (a) xS 1 . In fact we have the following result. 

Lemma 3.12. Let u: (£, <9£) — > (M, L) be a one-pointed bordered stable map of class a 
and x G <9£ be the boundary marking. Suppose that £ has only one disc component. Then the 
fibre f _1 ([u, S, x], z) at ([«, S, x],z) G Aii(a) x S 1 can be identified with the oriented real 
blow-up HofEatx (see the proof below for the definition ofT,) and the interior evaluation 
evW on f _1 ([u, S, x], z) can be identified with the map M. 

Proof. The assumption that E has only one disc component was made for simplicity's sake 
(and this is the case we are interested in). In general, the fibre of f can be identified with a 
smoothing of £ at the boundary singularities. See |[T2l Lemma 7.1 .45] for a similar statement. 



2 See lfl2l §7.1.1] for the boundary description of the moduli spaces. 



SEIDEL ELEMENTS AND POTENTIAL FUNCTIONS 



15 



We identify a neighbourhood of x G S with the upper-half disc D + = {w£D : lm(w) > 
0} where x corresponds to £ D+. The oriented real blow-up E is defined by replacing this 
neighbourhood with [0, tt] x [0, 1]: 

S = (S\{x})U D+U0} ([0,7r]x[0,l]) 

where © + \ {0} is identified with [0, n] x (0, 1] by the map w H- (arg(w), \w\). Note that 
E is a real analytic manifold (with boundary and corner) equipped with a natural projection 

E -> E. 

For a point p G E, we shall construct a bordered stable map in the fibre f _1 ((^, E, a;), z). 
Suppose p £ E \ <9E = E \ <9E. Note that E is a union of one disc component E and trees 
of sphere bubbles. If p is in a tree of spheres bubbles, let q be the intersection point of the 
tree (on which p lies) and the disc E . If p is in the interior of E , set q := p. Take a unique 
holomorphic map v: E — > © which sends g to 6 ID and x £ <9E to z £ S 1 . Extend v 
to the whole E so that it is constant on each sphere component. Then we obtain a bordered 
stable map u = (u, v) : E — >■ M x © of class a with p a new interior marked point. (If p is a 
node, we insert at the node a trivial sphere with an interior marking.) 

Next consider the case p £ <9E. In this case, the corresponding bordered stable map is 
in the boundary of M. t i\{ol). See Figured] below. If P is not in the exceptional locus [0, n] 

of E — > E, we attach a disc D to E by identifying 1 £ <9© with p £ <9E and define a map 

u: Bp p E -> M x ©by 

tt| D (u>) = (u(p), zw), u\s(y) = (u(y), z). 
A new interior marking is taken to be £ D. If p corresponds to an interior point 9 £ (0, ir) 
of the exceptional locus [0, tt] of E — > E, we attach a disc D to E by identifying 1 £ 9© with 
x £ <9E and define a map u:D 1 U J! S->MxDby 

u| D H = (u(z), e- 2ie z«)), u| s (y) = e" 2 ^). 

We put a new boundary marking at e 2je £ © and a new interior marking at £ ©. If p 
is a boundary point of the exceptional locus [0, n], say, £ [0, n], we consider the domain 
1 U_ 1 ©^ p x E (subscripts signify how to identify boundary points) with a boundary 
marking i £ D^ 2 ^ and an interior marking £ ©^ and define a map u : ©^ U D^ 2 ^ U E — > 
M x ©by: 

u\ oW (w) = (u(x),zw), u\nw(w) = (u(x),z), u\z(y) = (u(y) , z) . 

When p corresponds to ix £ [0, n] , we take — i £ ©^ 2 ^ in place of % £ ©^ 2 ^ as a boundary mark- 
ing. One can see that the above construction defines a homeomorphism E = f _1 ([u, E, x],z). 
The latter statement is obvious. □ 

From the previous lemma and its proof, we have: 

Corollary 3.13. Suppose dM.i{a) = 0. The boundary dM T i\(a) maps to L under the 
interior evaluation map ev^ : Ai T i{(&) — > M. 

Corollary 3.14. Suppose dMi(a) = and ev(A4s(cr)) PI L = 0. Then the fibre prod- 
uct Ms( cr) Xm -M T i\{&) has no boundary. In particular, the virtual fundamental cycle 
ev*[M s ((T) x M M\ c \{a)} vh is well-defined (see El Lemma A.1.32]). 
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Figure 1. Three types of boundary points of M™[(a). The horizontal di- 
rection is M and the vertical direction is D. The boundary/interior markings 
are denoted by b and i respectively. The shaded disc is a component where the 
map is constant. 



We proceed to calculate the cycle ev^Aisi ') x m Ai T i[(&)] vlT under the assumption of 
Corollary 13.141 By Corollary 13.131 taking a sufficiently small perturbation, we get a virtual 
fundamental chain 

V a := (evW x ev^)*[.Mg(a)] vir 

whose boundary lies in v{L) x L x S 1 , where v[V) C M is an arbitrarily small tubular 
neighbourhood of L. In other words, V a defines a relative homology class of the pair (M x 
Lx S 1 , v{V) x Lx S 1 ) whose dimension is n+ 1 + fj,(a) (where n = dime M). On the other 
hand, since ev(A^s(c)) H L = 0, taking a sufficiently small perturbation again, we obtain a 
virtual cycle ev !t [A^s( cr )] vir in M \ v{V). By Poincare-Lefschetz duality this defines a class 

(17) S a := PD (ev*[M s (<7)] vir ) G H^~^\M,v{L)). 

Here we used the virtual dimension formula © and <TT2T ). (Note that we put "hat" to distin- 
guish S a G H*(M, L) from the element S a G H*(M) appearing in ([T5T).) The virtual cycle 
of the fibre product can be evaluated as the pairing of the two classes: 

(18) ev.[M s (a) x M M\ c \(a)}™ = (S a ,V a ) 

where (•, •) is the canonical pairing between relative cohomology and homology (with Kiinneth 
decomposition): 

ff" (a) -" w (M, v{L)) ® H n+l+Ka) (M xLx S 1 , u(L) x L x S 1 ) 

_^ H ^)-m^ M7 v{L)) ® H^ m {M, v{L)) ® H n+1+m (L x S 1 ) 
— > H n+1+fl ffl(L x S 1 ). 

Lemma 3.15. Suppose dMi(a) = 0. Then the relative homology class V a is given by 

(19) V a = a ® (ev.iM^a)]™ x [S 1 ]) 

in H*(M x Lx S\ u(L) x L x S 1 ) = H t (M, L) ® H*(L x S 1 ). 
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Proof. Consider the diagram: 

M\%a) — U Mx{a) x S 1 ^4 L x S 1 

M 

where f is given in (TT6l) . The composition of the horizontal arrows is the boundary evaluation 
map ev( b \ As we saw in Lemma 13.121 (f, evW) can be viewed as a universal family of 
bordered stable maps of class a. Ignoring the issues on virtual clains, the lemma follows 
from this diagram. In the sequel, we compare the Kuranishi structures on M. T ^\{&) and 
.Mi (a) and see that the virtual chain of M. r i[(&) can be chosen to be a "fibre bundle" over a 
virtual chain of .Mi (a) x S* 1 with fibre the corresponding stable discs. 

First, we review the construction of a Kuranishi structure on .Mi (a). We refer the reader 
to 021 §7.1], 031 Part 3, 4] for the details. Recall 021 Definition Al.l] that a Kuranishi 
neighbourhood of a point to G .Mi (a) is a tuple (V, E, T, tp, s) where 

• V is a finite dimensional manifold (possibly with boundary and comer); 

• E is a finite dimensional real vector space; 

• T is a finite group; it acts on V smoothly and effectively and on E linearly; 

• s is a smooth T-equivariant map V — > E; 

• ip is a homeomorphism between s _1 (0) /Y and an open neighbourhood of r in .Mi (a). 
These data are constructed as follows. Let (u : S — > M, x G <9S ) be a marked bordered 
stable map representing t G .Mi(ct). The finite group Y is given by the set of holomorphic 
automorphisms (p: S — > S such that u o cp = u and ip(xo) = %q. Since S has only 
one marking, it is unstable if we forget the map w . We add additional interior markings 
k;o,i, • • • , wqj on S so that S becomes stable. We also require that the set {u>o,i, • • • > w o,i} 
is preserved by the T-action [15, Definition 17.5]. Since Y permutes the additional markings, 
we can regard it as a subgroup of the symmetric group &i. We also take real codimension 2 
submanifolds Q x , ... ,Qi of M such that S intersects with Q { transversely at u> ,i (so u is 
necessarily an immersion at u>o,«); moreover we require that Qi = Q a (i) for every permutation 
a G T C &i. Let .Mi,/ denote the moduli space of genus-zero stable bordered Riemann 
surfaces with one boundary and / interior markings and let do be the point represented by 
(S , x , {wo,i, • • • , wo,i})- The group Y acts on M\ y i by permutation of / interior markings 
and do is fixed by Y. Let N C .Mi,; be a T-invariant small open neighbourhood^ of do- It 
is equipped with a tautological family 1Z — > N of stable bordered Riemann surfaces. Note 
that T also acts on 1Z. We take a T-invariant compact subset K C 1Z such that the fibre 
Kq = S fl/C at a is the complement (in S ) of small neighbourhoods of nodes of S and that 
the family /C — > N is C°° -trivial. We choose a T-equivariant L7°°-trivialization K, = K x iV 
which preserves the markings. See [15. Definitions 16.2, 16.4, 16.6, 16.7]. /C is called the 
"core" and its complement is called the "neck region". For a bordered Riemann surface S 
appearing as a fibre of 1Z — > N, the core K = S n /C is identified with K by the given 
trivialization /C = K x N, and thus u induces a map u : K — > M. We consider an infinite 

3 Fukaya-Oh-Ohta-Ono ifTSl constructed N in two steps: first they considered a subset 2J C M.\,i consisting 
of deformations of do having the same dual graph as ao; then they introduced smoothing (or gluing) parameters 
T, 9 to construct a neighbourhood N of 2J. 
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dimensional space hi consisting of tuples (u, E, x, {wx, . . . , wi}), where (E, x, {wi, . . . , W[}) 
represents a point of N and u: (E, <9E) — >■ (M, L) is a smooth map of degree a which is 
sufficiently "close" to u in the sense that (see |[T5l Definitions 17.12, 18.10]) 

• u is C7 10 -close to u on the core K — E D /C; 

• it is holomorphic on the neck region E \ if ; 

• the diameter of the image of each connected component of the neck region under u is 
small. 

The group Y acts on hi by permutation of interior marked points. Next we choose an obstruc- 
tion bundle E over hi as follows (see |fT51 Definitions 17.7, 17.15]). We take a T-equivariant 
smooth family of finite dimensional subspaces E a 

E a C C7 c °°(Int(K), u*TM <g> A ' 1 ) 

parametrized by a = (E, x, {wi, . . . , wi}) G iV, where if = E fl /C is the core of E and A ' 1 
is the bundle of (0, l)-forms on E. Then we extend this family to the whole hi via parallel 
transport, i.e. for each point r = (u, E, x, {wi, . . . ,wi}) G hi over a = (E, x, {w\, . . . , wi}) G 
N, we define 

E r C (Int (K) ,u*TM <g> A ' 1 ) 

as the parallel transport of E a along geodesies joining u(y) and uo(y). Here we use a connec- 
tion on TM such that TL is preserved by parallel translation [fl"5~l §11]. By construction, the 
bundle E — > hi is T-equivariant. The Kuranishi neighbourhood V C hi is now cut out by the 
equations: 

du = mod E c 

(20) 

u(it?i) G Qj z = 1,. . . ,1 

for r = (u, E, x, {wi, . . . , u;;}) G W. We need to choose E so that the equations d20l are 
transversal (see below). The T-action on W preserves V and the obstruction bundle restricts 
to a T-equivariant vector bundle E = E|y over V. The Cauchy-Riemann operator 9 induces 
a section s of — > V and s _1 (0) /r gives a neighbourhood of to G A^i(a). 

The required transversality for (|20l is stated as follows (see lfl5l Lemmata 18.16, 20.7]). 
For a smooth map u: (E, <9E) -> (M, L), let L^ ji5 (E, 9E; u*TM, u*TL) denote a certain 
weighted Sobolev space consisting of L, 2 n loc -sections of u*TM which take values in u*TL 
along the boundary <9E, see tfT5l Definitions 10.1, 19.8] (m is sufficiently large and 5 > 
is a parameter relevant to the weighted Sobolev norm). Let L 2 m ^(E, u*TM ® A 0,1 ) denote a 
similar weighted Sobolev space of sections of u*TM ® A 01 (see |[T5l Definition 19.9]). Let 
D t d denote the linearized operator of d at r = (u, E, x, {w±, . . . , w/}) G W: 

D t d: L 2 m+hS (i:,dJ:;u*TM,u*TL) -)• L^ 5 (E, u*TM ® A ' 1 ) 

where the connection on TM is used to define the derivative _D r <9 (see lfT5l Remark 12.5]). 
We require that lm(D x d) and E t span u*TM ® A ' 1 ) for each r G W. (This is called 

"Fredholm regularity".) Let M C W denote the subspace cut out only by the first equation 
of d20l) . Let ev a d: Ai — >■ A/' be the evaluation map at the / additional markings. We also 
require that ev ad is transversal to n!=i Qi c M l . Then we have V = ev^(J^ =1 Qi)- 

Now we construct a Kuranishi neighbourhood of f _1 (t x S* 1 ) C from the Kuran- 

ishi neighbourhood (V, E, T, ip, s) of r G Mi(a) above. Recall that f _1 (t x S 1 ) = E x S 1 
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by Lemma 13 .121 where E is the oriented real blow-up of E at xq. Here we perform oriented 
real blow-ups in families. The family TZ — > N is equipped with a section x: N — > TZ cor- 
responding to the boundary marked point. Let TZ denote the oriented real-blow up along the 
section x. The proof of Lemma 13.121 shows that a point p G TZ parametrizes a marked stable 
bordered Riemann surface^ (E, x,p, {w\, . . . , wi}) with a new interior marking p (see |[T2l 
Lemma 7.1.45]). More precisely, letting p G TZ be on the blow-up of a fibre E C 7?.: if p is 
neither a node nor a boundary point, E = E; if p is an interior node, E is obtained from E by 
adding a sphere bubble at the node; if p is a boundary point, E is obtained from E by adding 
at most two disc bubbles (see Figured)- We allow p to coincide with one of Wi's. Let 9\ — > TZ 
denote the corresponding family of marked stable bordered Riemann surfaces. The group T 
acts on D\ by permutation of the markings w\, . . . , wi. The core /C C 1Z canonically induces a 
T-invariant core & C equipped with a T-equivariant C°°-trivialization & = K x TZ. Here 
Int(^) is disjoint from the components contracted under E — > E. We consider the space il 
consisting of tuples {u, E, x,p, {wi, . . . , w;}) where (E, x,p, {wi, . . . , wi}) is a marked bor- 
dered Riemann surface corresponding to a point of 1Z (i.e. arises as a fibre of £R — >• 7?.) and 
u: (E, 9E) — > (M x P 1 , L x S* 1 ) is a smooth map of class a which satisfies the following 
conditions: 

• ix M o u is C 10 -close to u on the core K = E fl ^, where 7Tm : M x P 1 -> M is the 
projection (since Ji is identified with K via the given trivialization & = K x TZ, u 
defines a map u : K — > M); 

• u is holomorphic on the neck region T,\K; 

• the diameter of the image of each connected component of the neck region under 
Km ° u is small. 

We use the obstruction bundle E — > ii induced from E — > U as follows. Take an element 
5 = (u, E, x,p, {wi, . . . , wi}) e il and let a = (E, x, {wi, . . . , wi}) G N denote the marked 
Riemann surface given by forgetting p and collapsing unstable components of the source. 
Define the obstruction space at s G il 

E s C C?(hA(K), (tt m o u)*TM ® A ' 1 ) C L7 c °°(Int(K), u*T{M x P 1 ) ® A ' 1 ) 

(with = E n ^) to be the parallel transport of E a C C~ (Int (7?) , u* Q TM ® A ' 1 ) along 
geodesies joining n (?/) and (7Tj\/ o u)(y). Let C C S be the contracted components of 
E — > E. Because 7rj\/ o is sufficiently close to u and is holomorphic on C, by choosing a 
smaller neck region from the beginning if necessary (see "extending the core" [fi5l Definition 
17.21]), we may assume that ttm o u is constant on C (since the symplectic area of the neck 
region has to be small). Hence tym ° u induces a map u: (E, <9E) — > (M, L) belonging to 
U. Therefore we have a projection U — > U and E is identified with the pull-back of E. The 
group T acts on il and E and E — > il is T-equivariant. The Kuranishi neighbourhood V for 



By abuse of notation, we denote by p a point of TZ and at the same time a new interior marking on S. 
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Ai\ c [(a) is cut out from U by the equations: 

du = mod E<5 
(21) u{p) G M x {0} 

u(wi) G Qi x P 1 i = 1, . . . ,1 

for s = (it, E, x, p, {u>i, . . . , w;}) G IX. The second equation of (TUT) corresponds to the fibre 
product presentation (fTOT ) of M.i\(a). Let .A/f C if denote the subspace cut out by the first 
and the second equations of (l2~TT) . Consider the map IX — > U x S 1 , where the first factor is the 
projection we discussed and the second factor is the evaluation map at the boundary marking 
x followed by the projection L x S 1 — > S 1 . We claim that M. is a tautological family of 
(blown-up) Riemann surfaces over Ai x S 1 under the map M. C ii — > U x S 1 . (Recall 
that M. C U is cut out by the first equation of (12"0T).) More precisely, it is identified with 
the restriction to M x S 1 of the family pr* 72. — > W x S 1 where pr : W x S 1 — > N x S 1 is 
the natural projection. By the choice of E, each element (it, E, x,p, {w±, . . . , w/}) of M. is 
holomorphic in the P 1 -factor and its image (u, E, x, {toi, . . . , wi}) in W belongs to M.. By the 
same argument as in the proof of Lemma |3.121 it follows that u is uniquely reconstructed from 
u: E — > M, p G E and (7i>i o u)(x) G S 1 . This proves the claim. Cutting down the moduli 
space Ai by the third equation of (I2TI) . we obtain V as a tautological family of (blown-up) 
Riemann surfaces over V x S 1 , with V the Kuranishi neighbourhood of r G A^i(a). The 
obstruction bundle E — E|^ and its section s := 9 are the pull-backs of E — > V and s = d 
respectively. These data (V, E, s) are T-equivariant and give a Kuranishi neighbourhood 
(V,E,r,4?,s) of f-\xo x S 1 ) C 7W r ^(«)- 

We need to check the transversality of (12TT >. To see the transversality of the <9-equation, 
it suffices to show that, for a map u satisfying the first equation of (12Tb . the degree-one 
holomorphic map v := 7r P i o n: (E, 9E) — > (P 1 , 5 1 ) is Fredholm regular (since ir M om is 
already known to be Fredholm regular with respect to E). The Fredholm regularity here can 
be rephrased as the vanishing of sheaf cohomology (see [J2T] §3.4], [|9l §6]): 

if^E, (v*T¥ 1 ,v*TS 1 )) = 

where (v *TP X , v*TS r ) denotes the sheaf of holomorphic sections of v *TP X which take values 
in v*TS 1 on <9E. We can prove this by using the standard normalization sequence and [0 
Lemma 6.4]. Let M C il denote the moduli space cut out only by the first equation of (I2TI) . 
The holomorphic automorphism group Aut(D) acts on the target (M x P 1 , L x S* 1 ) and also 
on the moduli space J\f. The transversality for the second equation of (12H follows from the 
fact that the Aut(D) -action on Int(D) is transitive. The first and the second equations of (1211 
define the modui space Ai. The evaluation map ev ad : M. — > (M x P 1 )' at the markings 
W\, . . . , Wi is transversal to n^iW* x P 1 ) by the transversality assumption for the second 
equation of (|20b . The transversality for (1211 follows. 

Finally we compare virtual cycles. A virtual cycle is defined by multi-valued perturbations 
(multisections) of s on Kuranishi neighbourhoods which are compatible under co-ordinate 
changes (see lfl2l §A1.1], lTl"5l Part 2]). By the above construction of Kuranishi neighbour- 
hoods, we can define a virtual cycle [M. ^ c |(d)] vir by pulling back multisections used to define 
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a virtual cycle [Mi(a)] vil . Then [Mf\(a)} vil becomes a fibre bundle over [Mi(a)] vil x S 1 
with fibre the corresponding stable bordered Riemann surfaces. Each fibre is of class a under 
the interior evaluation map. The lemma follows. □ 

Summarizing the discussion, we obtain (see (fl"4T ). (fl"8T ), (fT9l)): 

Lemma 3.16. The virtual cycle ev :¥ [Jlis( cr ) x m M. T i\(&)] vn is well-defined if one of the 
following holds: 

(a) M s (a) = ®or; 

(b) Mi(a) = ®or; 

(c) dMi(a) = dl and ev(M s (a)) C\ L = 0. 
When one of the above conditions holds, we have: 

{{S a n [L]) x [S 1 ] i/a = (then (b) holds); 

(S a , a) ev^M^a)]™ x [S 1 ] if(c) holds; 
i/a 7^ and (a) or (b) holds. 

3.3.3. Conjecture and expected results. We now state our conjecture: 

Conjecture 3.17 (Degeneration Formula). Let (3 e H 2 (M,L) be such that M\(f3) = 0. 
Assume that every pair (a, a) e Hf c (E) x H 2 (M, L) with r{(3) = a + a satisfies one of the 
three conditions (a), (b), (c) in Lemma B.16\ Then the degeneration formula (flTT) 

holds. This implies, by Lemmata \3.11\ and \3. 1 6] that 

(22) 6p, [L]= (S^^ev^M^a^ + Sa^ £ S a n[L] 

(a;a):r($)=a+&, a^O a:r0)=a+O 
satisfying (c) of Lemma \3.16\ 

holds in H n+fJr r^(L; Q). Here S a , S a are defined in (fT5T ), (TTTT ) and X £ H\{L) is the class of 
an S 1 -orbit. 

Note that the second term in the right-hand side of (1221 arises from the case a = (recall 
the discussion around (fl"4l)). 

In practice it is not easy to make all the assumptions here to be satisfied and to obtain a non- 
trivial result from (l22l . Notice that the both-hand sides of (|22|) are zero unless (i((3) < for 
dimensional reason. Also the term (<S a , a) is zero unless S a e H 2 (M, L), i.e. (c\ crt (E), a) = 
— 1. Hence by (fl"2~l) . the first term of the right-hand side is the sum over classes a satisfying 
fx(a) = fi([3) + 2. This motivates the following (rather restrictive) assumption: 

Assumption 3.18. (i) M\{0) is empty for all f3 e H 2 (M, L) with fi(/3) < 0. 

( ii) The maximal fixed component F mSLX C M of the C x -action ( see §2.21) is of complex 
codimension one and the C x -weight on the normal bundle is —1. 

(Hi) ci(M) is semi-positive. 

(iv) ev(A4s(cr)) is disjoint from Lfor all o e Hf c {E) such that {c\ ert (E), a) = —1. 
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We assume Assumption 13 . 1 81 in the rest of this section. Recall from Definition 12. II that 
open Gromov-Witten invariants n a are defined when /i(ct) = 2 by the assumption (i) and so 
the potential function W of L is also defined. The role of the assumptions (ii) and (iii) is 
as follows. The assumption (ii) implies that (c™ rt (-E'), a ) = —1 for a maximal section a . 
Note that by © Ais(a) is empty unless a = a + d for some d E NE(M)g. Therefore by 
(iii), Ais(cr) is empty unless (c]° Tt (E), a) > — 1. This implies that the Seidel element S in 
Definition O is in H^ 2 (M; Q) <g> Q[NE(£) Z ]. 

Definition 3.19. Under Assumption |3.18[ we can decompose the Seidel element as 

S = q S = go (S (0) + S (2) ) 

with S® E H\M; Q) <g> Q[NE(M) Z ] and q = q a °. Furthermore, we can define a lift 5 (2) 
of as follows: 

a: {c\ elt {E),a)=-l 

where S a e H 2 (M, L; Q) (see (JT7J) is well-defined by Assumption |3j3(iv). The lift S {2) 
is an element of H 2 (M,L;Q) <g> Q[NE(M) Z ] which maps to under the natural map 
H 2 (M,L) -> H 2 (M). 

Under Assumption 13.181 the conditions in Conjecture 13.171 are satisfied for all /3 with 
H(0) = 0. In fact, if r0) = a + a, then fi{a) + 2 (c\ crt {E), a) = by O, and thus 

• if < and (cf rt (£), a) > 0, then M x {a) = by the assumption (i); 

• if i4ol) > 4 and (c™ rt (£), a) < -2, then M s (a) = by the assumptions (ii), (iii); 

• if fx(a) = 2 and (c[ eTt (E), a) = — 1, then «Mi(a) has no boundary by the assumption 
(i) and ev(A^s( cr )) H L = by the assumption (iv). 

Fix a class 7 G H\(L). We now apply the formula (l22l) for /3 with /i(/3) = and 9/3 = 7 + A. 
In this case, (1221) yields the following equality in H n (L; Q) = Q: 

(23) <W = («5<T,a)"a + ^,A X] 5(7 

(ct,q): r0)=a+& cr: r(/§)=cr+6 

M(o:)=2, {c5; crt (_B),cr)=-l 

where n a is the open Gromov-Witten invariant defined in Definition 12.11 Note that S a in the 
second term of the right-hand side lies in H°(L; Q) = Q. We consider a generating function 
in the "open" Novikov ring A op which was introduced before Definition 12.11 We have a (not 
necessarily injective) homomorphism from the "closed" Novikov ring A (see Remark [279b to 
the "open" Novikov ring A op 

A -> A op , q d ^ z d . 
Thus A op is a A-algebra. Note that r{p) = o + a means 

z a +(> = q *-°0 z a inA °P 

by Proposition 13 .61 where a , a are maximal section/disc classes. We multiply the both-hand 
sides of dZB by z ao+p = q°-^ z a an ^ sum over a \\ ^ w i t h = 2 and 9/3 = 7 + A. About 
the first term of the right-hand side, this summation boils down to the sum over all (a, o) with 
(cJ eit (E), a) = — 1, n(ot) = 2, da = 7 (see (fl~3l)); about the second term of the right-hand 
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side (which occurs when and only when 7 = 0), this boils down to the sum over all a with 
(c[ eit {E), a) = 0. Therefore we have: 

Theorem 3.20. Assume that the degeneration formula ( Conjecture \3. 1 71) and Assumption 
\3.18\ hold for (M, L). For any 7 G Hi(L), we have 

(24) S J+Xfi z ao = (£ (2) , dW,) + 6 %0 S® 

in A op , where and are in Definition \3.19\ W 1 is in Definition \2.2\ and dWj is its 
logarithmic derivative: 

dW 1 := a ® n ^ a G H 2 (M, L) <g> A op . 

aeH 2 (M,L):ti,(a)=2, <9»=7 

Recall that «o is the maximal disc class introduced before Proposition \3. 6\ and A G H\(L) is 
the class of an S l -orbit on L. 

Summing over all 7 G Hi(L) in (1241) . we obtain: 

Corollary 3.21. Assume that the degeneration formula ( Conjecture 13. 771 ) and Assumption 
\3 . 1 8\ hold for (M, L). Then we have 

(25) z ao = (S {2 \ dW) + S (0) in A op . 

Via the natural map H l (L) — > H 2 (M,L), an element of H l {L) can be regarded as a 
vector field tangent to the fibre of the map SpecA op — > Spec A. We define the (relative) 
Jacobi algebra of the potential W as 

Jac(W0 := A op /A op (H\L),dW) 

where A op (7^ 1 (L), dW) denotes the ideal of A op generated by {(p, dW), <p G lm^ 1 ^) ->■ 
H 2 (M, L)). As a class in the Jacobi algebra, the right-hand side of (l25l depends only on 
the Seidel element S itself, not on the lift S^. We can interpret it as the derivative of the 
bulk-deformed potential W + t° with respect to S, where t° is a co-ordinate on H°(M). The 
derivative of W + t° defines the so-called Kodaira-Spencer mapping: 

KS: H- 2 (M) <g> A -»■ Jac(W). 

Then the equation (1231) implies 

KS(5) = [^°] in Jac(W). 

Remark 3.22. Assumption 13 . 1 81 (i)-(iii) ensures that the conditions in Conjecture 13 . 1 71 hold 
for all p with < -2. Using the formula d22]) for f3 with < -2 and 9/3 = A, we 
find: 

S a+d n[L} = if (c^iE),*) < -1. 
This supports the validity of As sumption 13 . 1 8 1 (iv) . 

Remark 3.23. A more intuitive explanation for the formula (l25l is as follows. One can think 
of the moduli space A^i,i(/3) of stable holomorphic discs with boundaries in L and with one 
interior and one boundary marked points as giving a correspondence between M and the 
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free loop space CL = Map(S' 1 ,L) of L. This correspondence should give rise to a map 
(bulk-boundary map) 

C»(M) -> C*(£L) 

of chain complexes. One can view this as an analogue of the Kodaira-Spencer map. One can 
speculate that this map is an intertwiner between the Seidel homomorphism S: C*(M) — > 
C*(M) and the map CL — y CL induced by the ^-action. 

4. Potential function of a semi-positive toric manifold 

Using the degeneration formula (Conjecture 13. 17K we compute the potential function of a 
Lagrangian torus fibre of a semi-positive toric manifold X. This confirms a conjecture (now 
a theorem [HI) of Chan-Lau-Leung-Tseng 0. 

4.1. Toric manifolds. We fix notation on toric geometry. For more details we refer the 
reader to [H][T0l[TT]. For this paper a toric manifold X is a smooth projective toric variety, as 
constructed from the following data. 

(a) An integral lattice N = Z n and its dual M = Hom(iV, Z). We denote by (-, •) the 
natural pairing between N and M. 

(b) A fan E in N-g. ■= N (g> M. consisting of a collection of strongly convex rational poly- 
hedral cones a C Nj&, which is closed under intersections and taking faces. 

In order for X to be smooth and projective, we need to assume that E is complete, regular 
and admits a strongly convex piecewise-linear function. Let E(l) denote the set of 1 -cones 
(rays) in E, and we let 6 l7 . . . , b m denote integral primitive generators of the 1-cones. The fan 
sequence of X is the exact sequence 

(26) y L y Z m ► N y 0, 

where the third arrow takes the canonical basis to the primitive generators b\, . . . , b m G N 
and L is defined to be the kernel of the third arrow. The dual of the sequence (|26*1 ) is the 

divisor sequence 

(27) o ► M y Z m — L v y 0. 

The second arrow takes v E M into the tuple {{b^v))^^ The third arrow is denoted by 

k: Z m L v . 

The fan sequence tensored with C x gives the exact sequence of tori: 

1 y G >- (C x ) m y T y 1 

with G := L <g> C x and T := N <g> C x . Let the torus G act on C m by the second arrow 
G — y (C x ) m . The combinatorics of the fan defines a stability condition of this action as 
follows. Let Z(E) denote the union 

(28) Z(E):=|JC / , C 1 = {(x 1 ,...,x m ) :xi = 0fori<tl}, 

ieA 

where A is the collection of anti-cones, that is the subsets of indices that do not yield a cone 
in the fan 

■A:= j/ : |]K>oMeJ. 
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The toric variety X is defined as the quotient 

X := W s /G; W s := C m \ Z(E). 

The torus T = (C x ) m /G acts naturally on X. The toric manifold X contains T as an open 
free orbit; X is a compactification of T along the rays in S(l). 
Each character £ : G — > C x defines a line bundle 

L ? := C x €>G W E -> X 

The correspondence £ yields an identification of the Picard group with the character 

group of G. Thus, we have 

L v = Hom(G, C x ) = Pic(X) i H 2 (X; Z). 
The 2th toric divisor is given by 

A: := {[xi, ...,X m ] : x ; = 0} C X 

The Poincare dual of Di is the image n(ei) G L v = H 2 (X; Z) of the standard basis ej G Z m 
under the map ft in (ITTT) . By abuse of notation, A sometimes also denotes the corresponding 
cohomology class n(ei) in H 2 (X; Z). We note that L = H 2 (X; Z). The first Chern class 

Ci(X) of X is given by D 1 + h -D m . 

The Kahler cone C x of X, the cone consisting of Kahler classes, is given by 

C x := p| ^M >0 K(ei) C L v ®R = H 2 (X;R). 
ieA iei 

The cone Cx is nonempty if and only if X is projective. Set r := m — n. We choose a 
nef integral basis px,...,p r of H 2 (X; Z), that is an integral basis such that p a G Cx for all 
a = 1, . . . , r. Then we write the toric divisor classes as 

T 

(29) Dj = K(ej) = ^m aj p a , 

a=t 

for some integer matrix (m a j). The Mori cone NE(X) C H 2 (X, M) is the dual of the cone 
C x . We set NE(X) Z := NE(X) n H 2 (X; Z). 

The toric manifold X can be alternatively defined as a symplectic quotient. Let Gr = 
(5' 1 ) r be the maximal compact subgroup in G. The GR-action on C m is generated by the 
moment map 

4>: C m ->■ 0r, <p(xi, . . . ,x m ) = k(|xi| 2 , . . . , |x m | 2 ) 

where k : M. m — )■ L v <g> R is the map in the divisor sequence (ITTT ) tensored with E. For any 
Kahler class cu G Cx, we have a diffeomorphism ([fTll20ll) 

^H/Gr^x 

The left-hand side is a symplectic quotient and is equipped with a reduced symplectic form. 
The cohomology class of the reduced symplectic form coincides with to; by abuse of notation 
we let to also denote the reduced symplectic form. 
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Let T K = (S 1 ) n be the maximal compact subgroup of T. The T K -action on the symplectic 
toric manifold (X, u) admits a moment map: 

$ u ([xi, . . . ,x m ]) = (|xi| 2 , . . . , \x m \ 2 ) with (xi, . . . ,x m ) G 4>~ x {oS). 

where the affine subspace k~ 1 {uj) C W 71 can be identified with M K = M <8> R = up to 
translation. The image of the moment map & u is the convex polytope: 

P(u) = {(*!, ...,geR ra : ti > 0, K{t x , ...,t m )=u} 
G M R : (6*, v) < -a, i = l,...,m}. 

In the second line, we took a lift (ci, . . . , c m ) of a; (such that a; = «(ci, . . . , c m )) to identify 
with Mr. This is called momentum polytope. The facet Fj C P of P(o;) normal to 
6j G corresponds to the toric divisor Di = C X. 

4.2. Potential function of a Lagrangian torus fibre. Cho-Oh [9] calculated potentials of 
Lagrangian torus fibres for Fano toric manifolds and matched them up with mirror Landau- 
Ginzburg potentials of Givental and Hori-Vafa. Fukaya-Oh-Ohta-Ono lfl4l studied potentials 
for general symplectic toric manifolds. Chan [0, Chan-Lau [|6l and Chan-Lau-Leung-Tseng 
B71 [H have studied the potential functions for semi-positive toric manifolds by establishing 
an equality between open and closed Gromov-Witten invariants. 

Let X be a toric manifold in the previous section. Every free T R -orbit in X is a fibre of 
the moment map X — > P(co) of an interior point in P(u>), and vice versa. We call it 
a Lagrangian torus fibre of X. For a Lagrangian torus fibre L, we have a homotopy exact 
sequence: 

(30) ► 7T 2 (X) ► 7T 2 (X,L) — 7Tl(L) > 0. 

Let /3j G 7r 2 (X, L) denote the class represented by the holomorphic disc Ui : D — X: 

(31) = [ci,...,Cj_i,CiZ, Ci + i,...,c TO ], |z| < 1 

where [ci, . . . , c m ] G X is a point on the Lagrangian L (thus q^O for all i). The class $ 
intersects with toric divisors as 

The relative homotopy group 7r 2 (X, L) is an abelian group freely generated by the classes 
Pi, . . . , (3 m and the toric divisors Di, . . . , D m define a dual basis of H 2 (X, L). Under the 
identification: 

tt 2 (X) = H 2 (X;Z) =L, tt 2 (X,L) = H 2 (X,L;Z) = Z m , tti(L) = iV 

the exact sequence (l30l) above can be identified with the fan sequence (l26l) . i.e. dpi = The 
Maslov index 

fi: n 2 (X,L) — > Z 

is given by the intersection with 2(£>i H h D m ) G -fr 2 (X, L) El Theorem 5.1]. 

We consider the potential function (Definition 12 .11) of a Lagrangian torus fibre L C X. As 
before, let A / li(/3) denote the moduli space of bordered stable maps to (X, L) in the class 
(3 G vr 2 (X, L) with one boundary marked point. 
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Proposition 4.1. Suppose that ci(X) is semi-positive. Then A4i(/3) is empty for all (3 with 
/Lt(/3) < 0. If Aii(j3) is non-empty for (3 with //(/?) = 2, then (3 = f3i + d for some i and 
d E NE(X) Z such that (ci(X), d) = 0. 

Proof Let (3 be a class of a bordered stable map to (X, L). By the classification of holomor- 
phic discs by Cho-Oh 10, we find that (3 is of the form: 

m 

(32) P = ^k i p i + d 

i=l 

for some hi > and d E NE(X)g. Here is the degree of disc components and 

d is the degree of sphere bubbles. Hence = 2 YnLi h + 2 (ci(X), d) > 0. We claim 
that (&!,..., A; m ) = implies fi(/3) > 4. If (ki, . . . , /c m ) = 0, a bordered stable map of class 
(3 is the union of a constant disc and sphere bubbles. In this case, at least one non-trivial 
sphere component has to touch L. Let di be the degree of a non-trivial sphere component 
touching L and let d 2 be the degree of the remaining sphere bubbles. Then d = d\ + d 2 with 
di, d 2 E NE(X)z- Since is disjoint from L, we have (Di, di) > 0. Since d\ ^ 0, we have 
J2iLi (Di, d\) > 1. Also it is impossible that Y^T=i (Di, d±) = 1 since d\ gives the relation 
YZi (A, di) 6, = in TV. Thus 

m 

= 2 ( Cl (X), d)>2j2 (A, di) > 4. 

i=l 

The claim follows. Consequently, //(/?) < 2 implies (k 1 , . . . , k m ) ^ 0. The proposition 
follows easily. □ 

In particular, the potential function of a Lagrangian torus fibre (Definition 12.11) is well- 
defined for a semi-positive toric manifold. 

Remark 4.2. Fukaya-Oh-Ohta-Ono lfT4l defined the potential function of a Lagrangian torus 
fibre even without semi-positivity assumption. They defined virtual cycles and open Gromov- 
Witten invariants np E Q for all (3 with = 2 using T K -equivariant perturbations, see 
|[i4l Lemmata 11.2, 11.5, 11.6, 11.7]. In general, since every effective stable disc class (3 is 
of the form (|32l , the potential W lies in the completed group ring: 

Q[(Z> ) m + NE(X) 2 1 c A op 

where NE(A) Z is regarded as a subset of Z m via the second arrow in the fan sequence (|26t . 
Notice that (IR> ) m + NE(X) is a strictly convex cone. 

Example 4.3 (flU). When (3 = (3i, the moduli space M.i((3i) consists of holomorphic discs 
of the form (|3TT > and ev: Aii((3i) = L; moreover all such discs are Fredholm regular [0 
Theorem 6.1]. Therefore we have np i = 1. 

We write 

z^ = W-i , eQ[^ ) i;Z)] 

for (3 = k x P>\ + ■ ■ ■ + k m (3 m . Also we write 

q d = qMqtod . . . q (vrA) G Q[H 2 (X; Z)] 
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for d £ H 2 (X; Z), where pi, . . . ,p r is the nef integral basis of H 2 (X; Z) = L v we chose in 
^4.11 Note that we have a natural inclusion of the group rings: 

®[H 2 (X;Z)]^Q[H 2 (X,L;Z)]. 
By this we identify q d with z d ; in co-ordinates: 

m 

(33) q d = z d = zf^zf^ d) ..-z^ or q a = f[^ 

i=l 

where (m a i) is the divisor matrix in (|29T >. Using these notations and Proposition 14. 1[ we can 
write the potential function of (X, L) in the following form when c±(X) is semi-positive. 

Definition 4.4. Let X be a semi-positive toric manifold. We present the potential function 
W of a Lagrangian torus fibre in the form: 

W = wi + ■ ■ ■ + w m 

where = fi(q)zi and 

d£NE(X) z :{ Cl (X),d)=0 

We call fi(q) the correction term. This decomposition of W is parallel to Definition 12.21 

Note that we have fi(q) = 1 + 0(g) by Example 14.31 The correction term fi(q) was 
denoted by 1 + 5i(q) in (7). When X is Fano, all the correction terms are 1 and 

W = z x H h z m . 

This is the result of Cho-Oh [9|. By the fan poly tope, we mean the convex hull of the ray 
vectors 6 1; . . . , b m e iV R . In the proof of C7J Corollary 4.12], Chan-Lau-Leung-Tseng showed 
the following: 

Proposition 4.5 (Chan-Lau-Leung-Tseng 0). Let fi(q) be the correction terms of the po- 
tential of a semi-positive toric manifold X. If the vector bi is a vertex of the fan polytope of 
X, then fi(q) = 1. 

4.2.1. Open-closed moduli space. We explain that the potential W of a Lagrangian torus 
fibre can be interpreted as a formal function on the open-closed moduli space introduced 
below. 

The closed moduli space VJl c \ of X is defined to be: 

9)lci = {exp(-w + iB) e L v <g> C x :w 1 5 6L v ®l,a;e C x }- 

This is also called the complexified Kahler moduli space. The nef basis p±, . . . ,p r of L v = 
H 2 (X; Z) in gj]defines C x -valued co-ordinates (q 1} . . . , q r ) on 9Jt d C L v ® C x . 

The open-closed moduli space S0T O pci is defined to be the set of triples {q, L, h) such that 

• a closed moduli g = exp(— u + iB) £ 9Jt c i; 

• a Lagrangian torus fibre L = L v = Q^iv) at 77 £ P(co)°; 

• a class /i £ # 2 (X, L; C/(l)) which maps to exp(iB) £ H 2 (X; U(l)). 
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When the £>-field vanishes B = 0, the class h defines a £/(l)-local system on L via the exact 
seqence: 

► H\L;U{1)) ► H 2 (X,L;U(1)) > H 2 (X;U(1)) > 

Let 7] = (rji, . . . , f] m ) G M m be the co-ordinates of 77 and write /i = (hi, . . . , /i m ) using the 
identification H 2 (X, L; C/(l)) ^ (S 1 )™; and set 

(34) Zi := exp(-r)i)hi. 

The parameter z = (zi, . . . , z m ) here determines rji G R, /ij G 5 1 by polar decomposition; 
then 77 determines w by the condition 77 G P(uS)° (as u; = ^(77)) and /i determines exp(i£>). 
Thus z determines a point of 9Jl op ci- We have: 

9K op ci = {z=(z 1 ,...,z m ) G (C x ) m : |^| < 1 for all z, k c ,(z) G 9JT c1 } 

where k C x : (C x )' m — )■ L v ® C x is the third arrow of the divisor sequence (l27l tensored with 
C x . A point z — (zi, . . . , z m ) of the right-hand side parametrizes 

• a closed moduli q = exp(—tu + iB) = k C x (z); 

• a Lagrangian torus fibre L = L v at 77 = (— log \zi\, . . . , — log \z m \) G P(u)°; 

• a class /i = (2i/|zi|, . . . , z m /\z m \) G H 2 (X, L v ) which is a lift of exp(iB). 

We regard W as a formal function on 97t opc i via these co-ordinates (zi, . . . , z m ). The open- 
closed moduli is fibred over 5DT cl : 

7T: SUtopci ->• 97tci, Z^K C y\z). 

By pulling-back the co-ordinates qi, . . . , q r by ir, we obtain the same relation between Z{ and 
g a as in (£3). The fibre 9tt opc i,q = 7r _1 (g) has the structure of an (M R /M) = (^"-bundle 
over P(oj)° via the map: 

2Ko P ci !? -> (zi, . . . , z m ) \-> 77 = (- log . . . , -log \z m \). 

This is a torus fibration dual to the moment map $ w : X — > P(u) \ we can view it as a mirror 

of(X,q). 

Proposition 4.6. Via the co-ordinates (zi, . . . , z m ) on 9Jt pcL ^« potential function of a La- 
grangian torus fibre is identified with the following formal sum of functions on 9Jt op ci-° 

W(q, L, h) = ^ nph(p)e-U*> 

/3€Tr 2 {X,L) : n(P)=2 

where q = exp(— oj + iB). 

Proof. For (3 = /3», we have (see |9, Theorem 8.1]) 

MA) = t-t, / w = ^ = -log \zi\ 

\ Z i\ hi 

and thus MA)e~ k u = z { (cf. ([34"1». Therefore h(P)e~ h u = for every /3. □ 

Remark 4.7. When £? = 0, the term is the holonomy along the loop d/3 G ni(L) of 
the £/(l)-local system associated to h. This matches with the usual interpretation. In general, 
this term cannot be interpreted just as holonomy. 
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Fukaya-Oh-Ohta-Ono |fT3l Theorem 2.32] showed that the Jacobi algebra of the potential 
function restricted to the fibre 9H op ci,<? = 7r_1 (9) ls isomorphic to the quantum cohomology 
ring of (X, q) in a certain g-adic sense. 

4.3. Seidel elements for toric varieties and Givental's mirror transformation. We review 
our previous computation [|T9l relating Seidel elements for toric varieties to Givental's mirror 
transformation [fTTl . Let X be a toric manifold from §4. II with c\(X) semi-positive. 

4.3. 1 . Seidel elements associated to the C x -actions fixing toric divisors. For each toric divi- 
sor Dj of X, we can associate a C x -action pj on X rotating around Dj. It is given by: 

Pj(X): [x 1 ,...,x m \ i — > [x 1 ,...,\~ 1 x j ,...,x m ], A G C x . 

The toric divisor Dj = {xj = 0} is the maximal fixed component of this action. Let Ej 
denote the associated bundle of this C x -action and let Sj denote the corresponding Seidel 
element. We also write Sj = qoSj with Sj G QH*(X) following Definition 12.71 Using the 
Seidel representation (see Remark 12.91 ), McDuff-Tolman [|24l showed the following multi- 
plicative relations in QH(X)[q~ d : d G NE(X)z] : 



in 




(35) J Sf j ' d) = q d for d E H 2 {X; Z). 

j'=i 

4.3.2. Givental's mirror theorem. Givental IfTTl introduced the two cohomology-valued func- 
tions 

dSNE(X) z i=l \llfc=-oo(A + k Z ) t 
\ j d€NE(X) z \{0} X V rJ 1 0' 1 

called the I -function and the J -function respectively. Here we used a nef basis {p 1 , . . . ,p r } C 
H 2 (X) in EH and write 

d _ (Pl,d) . . . ( Pr ,d) .d _ <Pl,<t) . . . v ( Pr ,d) 

h — hi Hr 5 y — U\ i)r 1 

and {(f) j} and {ft} are, mutually dual basis of H*(X). The variables y = (yi,...,y r ) are 
called mirror co-ordinates, i.e. co-ordinates of the complex moduli of the mirror Landau- 
Ginzburg model. Givental [fTTl showed the following mirror theorem: 

Theorem 4.8 ( IfTTIO . We have I(y, z) = J(q, z) under a change of coordinates of the form 
\ogqi = log?/; + gi(y), i = 1, . . . ,r, gi{y) G Q[yi, ...,y r \ with ^(0) = 0. The functions 
gi(y) here are uniquely determined by the asymptotics: 




I(y, z) = eELi* W* ( l ^Qiivfj + o{z~ l 



i=i 



The change of co-ordinates is called mirror transformation (or mirror map). 
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4.3.3. Batyrev elements and Seidel elements. In lfl9l . we introduced Batyrev elements Dj, 
j = 1, . . . , m. They are defined by 

n ~ ~ d\ogq b 

D 3 '■= >™ajPa, Pa ■= V ~j Pb- 

, , a log y a 

a=l 6=1 to y 

Note that is an element corresponding to the vector field J2 a =i m ajy a d/dy a whereas 
the genuine divisor class Dj corresponds to the vector field Yla=i m ajQ a d/dq a (see (l29l)). 
Batyrev elements are determined by, and determine the Jacobi matrix (d log qb /d log y a ) of 
the mirror transformation. Using Givental's mirror theorem, we find that the Batyrev ele- 
ments satisfy the multiplicative relations (see [[T9l Proposition 3.8]) 

m 

Y[Df j4) =y d d£H 2 (X;Z) 

3=1 

in the quantum cohomology ring. These are very similar to the multiplicative relations (1331 ) of 
Seidel elements, but note that co-ordinates q are replaced with mirror co-ordinates y. More- 
over, the Batyrev elements satisfy the following linear relations: 



m m 



(36) ^^CjDj = whenever ^^CjDj = 0. 

i=i i=i 

The linear relations are obvious from the definition. These multiplicative and linear relations 
show that Dj satisfy the relations of Batyrev's quantum ring 01. It turns out that the Seidel 
elements are multiples of the Batyrev elements. 

Theorem 4.9 ([19, Theorem 1.1]). Let g[ P(y) be the following hypergeometric series in 
mirror co-ordinates: 

(37) „)- V (-lY^H-iD^d) -1)1 d 
(3/) g {yi,...,y r) - ^ Yl^(Di,d)\ V ■ 

{Di,d)>0for alli^j 

Then under the mirror transformation we have 

Sj = exp (-g { j\y)) D r 

Conversely, one can recover the Batyrev elements from the Seidel elements in the follow- 
ing way. 

Theorem 4.10 ([19, Theorem 1.2]). Given the Seidel elements Si,..., S m , the Batyrev ele- 
ments Dj G H*(X) <S> Q[qi, • • • , q r ], j = 1, ■ ■ ■ ,m are uniquely characterized by the follow- 
ing conditions: 

(a) Dj = HjSj for some Hj G Q{qi, ■ ■ ■ , q r }; 

(b) Dj = Sj ifbj is a vertex of the fan poly tope; 

(c) Dj satisfy the linear relations (l36l) . 

In particular, the Seidel elements determine the mirror transformation q i— >■ y and the func- 
tions go\y). 
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4.4. Correction terms of potential functions and Seidel elements. Chan-Lau-Leung-Tseng 
gave a conjecture relating the correction terms of the potential function and the Seidel el- 
ements for a semi-positive toric manifold. 

Conjecture 4.11 ([[71 Conjecture 5.2]). For a semi-positive toric manifold, the correction 
term fj(q) of the potential function (Definition \4.4\) coincides with exp(g^\y)) in Theorem 
\4.9\ under mirror transformation. 

Originally Chan-Lau-Leung-Tseng |]Vj proved this conjecture under the convergence as- 
sumption for W using an isomorphism ||T3~1 of Jacobi ring and quantum cohomology. Re- 
cently they gave an alternative proof [8 1 which does not require the convergence assumption. 
They identified open Gromov-Witten invariants with certain closed Gromov-Witten invari- 
ants of the associated bundle E[ given by the inverse C x -action p^ 1 . They used the fact that 
a bordered stable map to (M, L) with boundary class hi G N = H\{L) can be completed to 
a holomorphic sphere in the associated bundle E[. This is closely related to the fact that the 
central fibre £ of the closing in §3.11 is the union of the two associated bundles E and E' 
which correspond to mutually inverse C x -actions. 

4.5. Degeneration formula for toric manifolds. 

Proposition 4.12. Assumption \3. 1 8\ holds for a pair (X, L) equipped with the C x -action pj 
around the prime toric divisor Dj we considered in §4.31 

Proof. The statement (i) is shown in Proposition 14. 1 1 and (ii), (iii) are obvious. To verify the 
statement (iv), it is enough to show that every stable map u : C —> Ej representing a class 
a G Hf c (Ej) with (cf rt (£j), a) = -1 is contained in \J™ =1 A, where 

A = A x (C 2 \ {0})/C x 

is a toric divisor of Ej. Let C = |J C a be an irreducible decomposition of C. If tt*[C a ] is a 
section class, we have (c\ ert (Ej), u*[C a ]) > — 1 by © and the semi-positivity of C\(X). If 
w*[C Q ] is not a section class, u(C a ) is contained in a fibre X and we have {c] ert (Ej), u*{C a ]) = 
{ci(X),u*[C a ]) > again by the semi-positivity. Since (c\ ert (Ej), a) = — 1, we have 



(cr\E J ),u*{C a }) = 




1 if u{C a ) is a section; 
otherwise. 



Suppose that u{C) (£ IJ™^ Di. Then we can find a component C a such that u{C a ) is not 
a point and u(C a ) (jL IJI^i A- Then (A, u*[C Q ]) > for all %. Note that J2T=i A 1S me 
Poincare dual of cJ ert (Ej). By the above calculation we see that (A, u*[C Q ]) = for all i 
and u(C a ) is contained in a certain fibre X. Then (A, w*[C a ]) = for all i. A homology 
class d G H 2 (X) satisfying (D, h d) = for all i is zero. This is a contradiction. □ 

Recall from Remark l4~2l that the potential function W = W(zi, . . . , z m ) of a toric manifold 
X is an element of 

i?:=Q[NE(X) z + (Z> ) m ] C A op . 

We also set 

K := Q[NE(X) Z ] C A. 
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Then R is a K- algebra (cf. (133T)). For / G R, we write (following notation in Theorem 13 .201 ): 



df={Zl d^ 



df_ 



EZ m ®R^ H 2 {X,L)®R. 



In other words, 

dzP = (3® 

for (3 G H 2 (X,L). 

We apply Theorem 13 .201 to the C x -action rotating around Dj. Note that the fc-th term 
Wk of the potential W in Definition 14.41 corresponds to the boundary class b k G N = Hi(L) 
and w k = Wb k in the notation of Definition 12 .21 Since the Seidel element Sj in ^4.3| belongs 



to H 2 (X) <g> A', we have sjj 0) = and S,- = S} a \ By Proposition SHI we can define the lift 



(2) 



Sj G H 2 (X,L)®K 



of Si 



- S^p as in Definition 13 .191 The class A of an -orbit on L is — bj G Hi(L) and the 
maximal disc class a is /3j. Hence we obtain: 

Theorem 4.13. Assume that the degeneration formula ( Conjecture \3. 1 71) holds for (X, L) 
equipped with the C x -action pj around the toric divisor Dj (see §4.31) . Then we have 

(Sj,dw k } = 5 jk Zj. 



(38) 

In particular, we have (Sj, dW) 

4.5.1. Example. Consider the second Hirzebruch surface F 2 
pactification of (Dpi (—2). The divisor matrix (l29l is: 

"0 -2 1 f 



P(C P i(-2) © P i),acom- 







The column vectors give toric divisors classes Di, D 2 , D 3 , D 4 . Here D\ is the oo-section, 
D 2 is the zero- section (—2 curve) and D 3 , D 4 are fibres. The potential function has been 
calculated by Auroux [|3), Fukaya-Oh-Ohta-Ono [|T6l and Chan-Lau H: 

W = z 1 + (l + q x )z 2 + z 3 + z A . 

Therefore we have 



dwi 




Zl 











dw 2 







(1 - qi)z 2 


qiz 2 


q\z 2 


dw 3 










z-z 





dw A 













z± 



where we used q\ = 
degeneration formula (I38T ). we obtain 



l z 3 Z4 (see (1331) ) and d(qiz 2 ) = [0, — gi^ 2 , qiz 2 , q\z 2 \. Assuming the 



S\, S 2 , S 3 , S4 



[D U D 2 ,D 3 ,D 4 ] 












1 


<?1 


91 


1-91 


1-91 


1-91 





1 











1 



This is compatible with the calculations of Sj by McDuff-Tolman E4l and Gonzalez-Iritani 

EU. 



34 EDUARDO GONZALEZ AND HIROSHI IRITANI 

4.6. Kodaira-Spencer map. Recall from Definition 14.41 that u>j = fi(q)zi for some fi(q) E 
K. We have (using (1331 ) 

z dW 3 _ fx , ~ d/iO^ „ _( X , „ 5 /i 



a=l 

Therefore we have an isomorphism of A'-modules: 

t 5 :H\X,L)®K^($Kz v D % -+ (Jp-, . . . , z^) . 

The degeneration formula (1381 ) says that fe(S' i ) = Zj. For <^ G H l (L) = M, we have 

mm r\ mm / Q t / \\ 

j=i i=i * j=i i=i ^ * / 

m m 

= ®{v,b J )w 3 eQ)Kz 3 . 
j'=i i=i 

where 5: H l (L) = M — > H 2 (X,L) = Z m is a coboundary map. Hence ts induces an 
isomorphism 



in 



ks: H\X) ®K-=+($KzJ (©7 =1 (p, fy) Wj : <p E M 



K 

i=i 

This satisfies ks(5 , i ) = [zj]. Set := fj(q)Sj, j = 1, . . . , m. Then ks(Sj) = /j (<?)[%] = 
[wj], j = 1, . . . , m satisfy the linear relations 

m 

i=i 

for all ip E M. Consequently, 

• B 3 = fjiq)^; 

• fj(o) = 1 if bj is a vertex of the fan polytope (Proposition 14 .51 ); 

• j = 1, . . . ,m satisfy the linear relations (by the injectivity of ks). 

By the characterization of the Batyrev elements (see Theorem l4.10l) . we know that Bj = Dj, 
i.e. fj(q) = exp(<?Q^(?/)). This shows the conjecture of Chan-Lau-Leung-Tseng: 

Theorem 4.14. Assume that the degeneration formula ( Conjecture \3. 1 71) holds for (X,L) 
equipped with the C x -actions pj, j = 1, . . . , m in §4.31 Then Conjecture \4.11\ holds. 

Remark 4.15. Via the natural map Kz 3 — > R, the map ks induces the so-called 

Kodaira-Spencer map (cf. the discussion at the end of §3.3.31) : 

KS: H 2 (X)(g)K -> Jac(W) 

where the Jacobi algebra 3ac(W) is defined to be 

Jac(W) := R/R(H*(L),dW). 
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Then we have KS(iSi) = [zj] and KS(-Dj) = \w-]. In other words, the Seidel elements are the 
inverses of [zj\ and the Batyrev elements are the inverses of [wi\. 

4.7. Consistency check: computing equivariant Seidel elements. Here we give a consis- 
tency check concerning Chan-Lau-Leung-Tseng Conjecture 14.1 II and our degeneration for- 
mula (1381) . We calculate the lifts Sj of Seidel elements assuming Conjecture 14. 1 1 1 and (1381) 
and see that the result is compatible with our previous calculation |fl9l . The lifts Sj here 
should be viewed as the T-equivariant Seidel elements since Hj(X) = H 2 (X, L). 

Lemma 4.16. Suppose that Conjecture \4.11\ holds. Then Wi = fi(q)zi, i = 1, . . . , m satisfy 
the multiplicative relation 

m 

JJ w (Dj4) = y d j Qr aU d e H ^ X . z y 

In other words, y a = YYJLi w T"'' a = ^' ' ' ' ' r ' 

Proof. Recall that the Seidel and the Batyrev elements satisfy the multiplicative relations 
with respect to the quantum product ( §4.31 ): 

m m 

i=i i=i 

Hence we have 

m. 

\{fM) {D - d) = v d /q d - 

Therefore 

m m 



3=1 i=i 



□ 



Theorem 4.17. Assume Conjecture \4.11\ and the degeneration formula (1381) . The lifts Sj of 
the Seidel elements are given by 

( \ 



i=i Cl (xyd=o,D t -d<o, Llk&^a). 

\ D k d>0 for all k^i. / 



under the mirror transformation. 

Proof. Note that (dwi, . . . , dw m ) T can be viewed as the Jacobi matrix between the two co- 
ordinate systems (wi, . . . , w rn ) and (logzi, . . . , log2; m ) on the open-closed moduli space. 
The degeneration formula (1381 ) implies that (z± S\, . . . , z^S m ) is the inverse Jacobi matrix, 
i.e. 

1=1 3 1=1 to 3 
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in H 2 (X, L). Assuming Conjecture 14.1 1[ we have log Z{ = log Wi — #q (y). Hence 

3 > = %± fa D < 

i=l a=l / 

In the second line, we used Lemma l4.16l The conclusion follows. □ 

Note that we did not use the lifts Sj of the Seidel elements (but used only the original 
Seidel elements Sj) in the proof of Theorem 14.141 

Remark 4.18. This result is compatible with the calculation of Sj in our previous paper lfl9l . 
Note however that the formula in [[T9l Lemma 3.17] contains a mistake. It occurred from 
an erroneous cancellation between the factors (Dj, d) in the numerator and (Dj, d)\ in the 
denominator. 

Remark 4.19. It is not difficult to generalize the computation in |fT9l to the T-equivariant 
setting and to check the above computation of Sj without using Conjecture 14.1 II and the 
degeneration formula (|38l . Since Chan-Lau-Leung-Tseng's conjecture 14. 1 1 1 was proved by 
themselves flU, it follows that the degeneration formula (l38l) holds true in toric case. 
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